This paper studies the singular limit of the non-isentropic NavierStokes equations with zero thermal coefficient in a two-dimensional bounded domain as the Mach number goes to zero. A uniform existence result is obtained in a time interval independent of the Mach number, provided that the initial data satisfy the "bounded derivative conditions", that is, the time derivatives up to order two are bounded initially, and Navier's slip boundary condition is imposed.
Introduction and main results
The motion of low Mach number fluid flows are described by the following non-dimensional Navier-Stokes equations:
where ρ, u, p, e, T stand for the density, velocity, pressure, internal energy and temperature respectively. The constants μ, λ are the viscous coefficients with μ > 0, μ + λ 0 (in 2D), is the Mach number, κ is the heat conductivity coefficient, and S ≡ S(u) = 2μD(u) + λ div u I is the viscous stress tensor, with D(u) = (∇u + ∇u t )/2. Moreover, we assume that the fluid flows are polytropic ideal gases: e = C V T , p = RρT , (1.4) where C V > 0 is the specific heat at constant volume, and R is the generic gases constant. The ratio of specific heats is γ = 1 + R/C V . In this paper, we are interested in the two-dimensional flow. In this case, the velocity field is given by u = (u 1 , u 2 ). Formally, as tends to zero, the solutions to (1.1)-(1.3) converge to those for the following problem:
(1.6)
(1.7)
Specifically, in the isentropic case, or under the assumption κ = 0, which is considered in this paper, (1.7) reduces to the incompressible constraint div v = 0.
This low Mach number limit process is singular. It is not only a physically interesting problem (see [30] ), but also challenging mathematically, since it is difficult to obtain uniform estimates in Mach number which is necessary to justify the convergence to the background incompressible flows. The investigation of low Mach number limit began at seventies of last century by Ebin [16] in the isentropic regime. Klainerman and Majda [26, 27] set up a framework for studying this singular limit in case of no physical boundary conditions for smooth and "well-prepared" initial data, which means that the initial data is nearly appropriate for the limit equation. When the fluids are isentropic, the results are rather plentiful (see e.g. [4, 5, [11] [12] [13] [14] [22] [23] [24] 28, 29, 31, 34, [37] [38] [39] [40] 42] ), even though the initial data are "ill-prepared".
In the non-isentropic regime, the behavior of solutions is much more complicated because the temperature variations play an important role in creating the resonance.
For Euler equations with the solid boundary condition, Schochet [36] studied the low Mach number limit under the assumptions that the initial data are "well-prepared" and the entropy is purely transported. By analyzing the acoustics, Metivier and Schochet investigated the situation of "ill-prepared" data in R n by the techniques of pseudo-differential operators and wave-packet transform [32] . These methods can also be adapted to the case of exterior domains [2] , since the decay of energy also implies the local strong convergence. For the case of periodic boundary, one may refer to [33] for the results in one spacial dimension.
For the Navier-Stokes equations, the way to obtain the uniform estimates is very different from the case of the Euler equations, since the viscous dissipation effects would prevent us identifying the oscillatory acoustic waves from the background incompressible flows. In the case that both the density and the temperature vary in a small range of O ( ), the differential operators of O ( 1 ) are still anti-symmetric. Hagstrom and Lorenz [21] proved a uniform estimate independent of ∈ (0, 1] and t ∈ [0, +∞) in the whole space, provided that the background incompressible fluid flows are sufficiently smooth. We remark that in the reality, the temperature may vary in a large range, the coefficient of the heat diffusion term is O ( 1 ), thus the strategies in the estimates for Euler equations do not apply. Kim and Lee [25] verified the low Mach number limit of local strong solutions of NavierStokes equation with zero heat-conductivity and "well-prepared" initial data in R 3 . The strategy of Klainerman and Majda [26, 27] and the elementary energy estimates are applied in [25] . Recently, Alazard studied the low Mach number limit of the full system in R n for certain "ill-prepared" initial data [3] by the technique of pseudo-differential operators. Moreover, the uniform estimates in the Mach number hold in both R n and T n . However, the technique of pseudo-differential operators does not apply directly to the case of bounded domain due to the restriction of the Fourier transform. Feireisl and Novotný [18] considered the low Mach number limit for the periodic "variational solutions" to the full Navier-Stokes-Fourier equations for "ill-prepared" initial data for certain radiative gases (by a similar technique used in [7] ), which excludes the ideal polytropic gas. Related results on bounded domains with various boundary conditions can be found in [15, 17, 19] . Note that different gaseous laws may lead to different frameworks for the low Mach number analysis. The study of low Mach number limit for the non-isentropic Navier-Stokes equations governing ideal polytropic gases in bounded domains is far from completed. In a recent work, Ou [35] studied the incompressible limit of non-isentropic Navier-Stokes equations with zero thermal conductivity coefficient in a finite interval. If the time derivatives up to order two are bounded initially, that is,
with q = (p − 1)/ being the pressure variation, the solutions are bounded uniformly with respect to the Mach number in the same class as initial data, which implies that the limiting solution is exactly an incompressible profile. In this case, the analysis relies on the estimates for the temporal derivatives, which serve as the only tangential derivatives to the boundary.
Note that in the usual sense of "well-prepared" initial data, only the time derivatives of first order are bounded initially in some norms (see [25] [26] [27] for example), which is almost equivalent to the boundedness of div u 0 / and ∇ p 0 / . However, in [35] and this paper, there are more restrictive bounded derivative conditions on the initial data, due to the presence of solid boundary. This is motivated by the works [8, 9] of Kreiss, who first developed the method of bounded derivatives. In this paper, the boundedness of time derivatives of second order coincide with the boundedness of
Our purpose is to verify the low Mach number limit for the zero heat-conductive Navier-Stokes equations in bounded domains of two spatial dimensions. The geometry of boundary causes much difficulty when showing the uniform estimates in the Mach number, due to the boundary effects of the acoustic waves. In contrast to [3, 25] , integrating by parts is usually invalid in the boundary case, especially when estimating high order spatial derivatives. Thus the usual way to balance the singular differential operators in the whole space or periodic space is not applicable. The result of this paper also generalize the 1D result [35] in some sense. In the analysis of 1D, high order spatial estimates can nearly be controlled by the temporal estimates. But it is not true in 2D when we handle the normal derivatives near the boundary. To circumvent this trouble, we separate the uniform fullnorm estimates into the estimates of vorticity and of divergence of velocity. For this purpose, the most important observation is that, Navier's slip boundary condition (see (1.13)), is equivalent to a representation of vorticity on the boundary (see Lemma 2.7), which is only valid for dimension two. Another observation is that,
t , so that the separation of divergence and vorticity is reasonable (yet, this is not limited to dimension two). Note that we don't take the strategy in [43] that dealing with the boundary estimates by consider the tangential and normal components near the boundary separately, since it may lose the uniform estimates of the highest order normal derivatives to the boundary. Furthermore, the strategy applied here is more simple and clear. We prove the local existence of the strong solution to the Navier-Stokes equations under Navier's slip boundary conditions with the uniform estimates in a small time interval. The key ingredients of this paper are the global existence of the "essentially linear" system in any finite time interval, and the uniform estimates for this system in a small time interval independent of the Mach number. Note also that in this paper, the space-time derivatives of same order can be estimated as an entity. Then due to the completeness of L 2 estimates, one can show the uniform estimates of the full norm order by order. This is also a key point of this paper.
In the following, we assume that the heat conductivity coefficient κ = 0. We introduce the pressure variation q by p = 1 + q.
(1.8)
Then the non-dimensional system (1.1)-(1.3) can be rewritten as
(1.11)
We impose the initial conditions 12) where Ω ⊂ R 2 is a simply connected, bounded domain with smooth boundary ∂Ω, and Navier's slip boundary conditions are described as 
3 . Then the initial-boundary value problem
(1.16) 
Uniform estimates of the "essentially linear" equations
We consider the following "essentially linear" equations:
We impose the following initial conditions
and Navier's slip boundary condition
where n is the unit outer normal to ∂Ω and v is a given function satisfying v| t=0
Theorem 2.1 (Global existence for the "essentially linear" system). Suppose that the initial datum
with ρ 0 δ 0 for some positive constant δ 0 . Assume the following compatibility conditions are satisfied:
The proof of this theorem will be given in the last section of this article.
Definition 2.1.
We will obtain two sets of the uniform estimates for (2.1)-(2.5) in the following proposition, which is the key to our problem. Note that both the short-time estimates and the long-time estimates are stated in this proposition, which are necessary for the proofs of both Theorem 1.1 and Theorem 2. and M, such that 
Estimates of ρ
The proof of this part is standard, we sketch it here for the sake of completeness. First, we derive the lower bound for ρ. For any integer k 2, we multiply (2.1) by −ρ −k to derive
which gives, by integrating by parts,
for some constant C > 0 independent of k. Then by Grönwall's inequality and letting k → +∞, we
Next, we shall establish the H 2 estimates of ρ. It follows from (2.1) that 
Differentiating (2.1) in temporal variables once and calculating as above, we obtain
On account of the lower order estimates, one shows
Finally, we estimate ρ tt to complete the estimates of ρ. Differentiating (2.1) twice in time variables, we have
(2.10)
Similar to the previous computations, we deduce
and thus from the assumptions on the initial data, ∀t
Collecting all the estimates above and applying Grönwall's inequality, we obtain, by observing that T and M are fixed numbers in the long-time estimates in [0, T ],
The later estimate, which is a part of the long-time estimate in Proposition 2.1, can be obtain at the same time with a bound depending on both M and M 0 .
In the following steps, we will estimate (u, q) by the anti-symmetric property of the singular operators.
L
2 -estimates of (u, q) [43] .) Let 
Lemma 2.2 (Korn's inequality). (See
for some constant γ 0 > 0. Therefore we integrate the inner product of both sides of (2.2) and u over
It follows from the previous two inequalities, the un-signed large terms of O ( 1 ) are canceled:
Thus we conclude that 
Lemma 2.3. There exists a positive continuous function F
1 (·), such that for any t ∈ [0, T 1 ], (u, q) L 2 (t) + u L 2 t H 1 F 1 (M 0 ).(M 0 ) replaced by F (M 0 , M). 2
Estimates of first order derivatives of (u, q)
In the following, we will estimate the time and spacial derivatives of u and q of the same order as an entity. That is one of our main strategies. First, we will estimate ∇u C t L 2 and q t L 2 t L 2 . Differentiating (2.2) with respect to t and multiplying the resulting equation by u, we obtain, by the boundary condition in (2.5) and the immersion H
where the estimates of u tt are transferred into the estimates of lower order derivatives:
Then we reach that, by Korn's inequality,
On the other hand, we multiply (2.3) by q t and integrate the resulting equation over Ω × (0, t) to
Summarizing the above two inequalities and choosing η sufficiently small, we obtain the following lemma by the L 2 -estimates and the estimates of ρ. 
t . Thus we multiply (2.2) by ∇ div u and integrate to get, for any t ∈ [0, T ],
In order to estimate the second term of left-hand side of the above inequality, we introduce a lemma concerning the boundary condition u · n| ∂Ω = 0. Due to Navier's slip boundary condition (2.5), Lemma 2.5 and the trace theorem, we have
In order to cancel the unsigned large integral in the above inequality, we apply the operator ∇ to
Then we integrate the inner product of both sides of this equality and ∇q over Ω to get
Combining (2.13) with the above inequality, and applying Lemma 2.3, we obtain 
(2.15)
Then by (2.1) and (2.5), the integration of the inner product of (2.14) and u t yields, for any t ∈ [0, T ],
Similarly, we derive from (2.15) that, for any t ∈ [0, T ],
By use of Korn's inequality, we combine the above two inequalities and choose η small enough to get 
Lemma 2.7. There exists a positive continuous function F 0 (·), such that for any t
. The boundary condition for w is
(2.18)
Moreover, we deduce by the trace theorem that
Then we derive the following lemma by (2.18), the estimates of J 1 and J 2 , and the L 2 estimates, and by choosing δ ∈ (0, δ 0 ] (for example), for some small positive constant δ 0 . We are ready to derive the uniform estimates of first order derivatives. We define the following notations for convenience. 
Lemma 2.8. There exists a positive continuous function F 0 (·), such that for any t ∈ [0, T ] and any
We conclude from Lemmas 2.4, 2.6, 2.7 and 2.8, by choosing δ small enough and using the Grön-wall inequality that Lemma 2.9. There exists a positive continuous function F 0 (·), such that for any t ∈ [0, T 3 ], and any positive constant η 1 which will be chosen sufficiently small later,
Moreover, there exists a positive continuous function F (·,·), s.t. for any t ∈ [0, T ], the above estimate holds with F
0 (M 0 ) replaced by F (M 0 , M). 2
Estimates of second order derivatives
In order to obtain the lower bound of the density ρ, one needs to obtain the uniform high-norm estimates of u as well. We proceed the same procedure as in the estimates of the first order derivatives.
First, one needs to estimate
We integrate by parts and use Lemma 2.5 to get
Multiplying both sides of (2.14) by ∇ div u and integrating the resulting product, one has
Next, we convert the estimates concerning u tt in terms of the estimates for other derivatives.
Note that for any t ∈ [0, T ],
and similarly,
Then from (2.20), Lemma 2.9 and the estimates for K 1 and K 2 , we obtain
To cancel the large quantity appearing in (2.21), we apply the operator ∇ to (2.3) and integrate the inner product of the resulting identity with ∇q t to get 
On the other hand, we deduce from (2.2) that 
We multiply (2.14) by ∇ div u t /ρ and integrate to get, for any t ∈ [0, T ],
Next, we apply ∂ t ∇ to (2.3) to get
(2.27)
It follows from the density equation (2.1) that
Moreover, the right-hand side of (2.27) can be estimated as
Then it yields from (2.27) and the above calculations, for any t ∈ [0, T ],
Thus we summarize the above inequality and (2.26) to get Lemma 2.12. There exist a positive constant C 3 and a positive continuous function 
Then we derive the estimate for w t by taking the inner product of (2.28) and w t :
(2.30)
By direct calculations, one shows, ∀t ∈ [0, T ],
Similarly, for any t ∈ [0, T ], we have
As a consequence of (2.30), the estimates of L 1 and L 2 , one obtains 
Thus we multiply the vorticity equation (2.16) by ρ −1 w and integrate the resulting product to
by the trace theorem. It follows that, for any
By (2.16) and the usual H 2 estimates for the elliptic equations, we have 
We multiply this equation by u tt and integrate to get that, ∀t ∈ [0, T ], 32) by using Korn's inequality, for some constant γ > 0. Meanwhile, a similar calculation yields
by the interpolation inequality. Note that by Young's inequality, we have 
It follows that for any
Noting that u t · n = 0 on ∂Ω, we have 
Proof of the main theorem
In the following, we will prove Theorem 1.1 by fix-point arguments, given the global existence of the "essentially linear" equations in Theorem 2.1 and the uniform estimates in Proposition 2.1. 
Standard results on closeness of Sobolev spaces in L p -norms ensure that R M,T 0 is a closed subset 
as → 0. Therefore we can apply "curl" to (1.9)-(1.13), then pass to the limit to show that (ρ, u, q) is indeed a solution of the incompressible Navier-Stokes equations (1.17 
. Additionally, we can show the energy estimates of q and its temporal derivatives which depend only on the initial data (possibly also on ).
Next, we show the local existence of solutions to (3.2), (3.4)-(3.5) by the Galerkin method. As in [43] , we define the weak solution to the problem (3.2) and (3.4)-(3.5) as the function u satisfying
for any φ ∈ C ∞ (Ω) 2 with φ · n| ∂Ω = 0. Then we can prove, by small modifications to [43] , that . However, we can also check it in a non-algebraic way by using the formulation in the paragraph near the top of p. 36 in [1] . Since the equations are invariant under translation and rotation, it suffices to check the complementing boundary condition in the hyperplane {y = 0} in the following way. 
